LOCAL POLYNOMIAL CONVEXITY OF THE UNION OF TWO 
TOTALLY-REAL SURFACES AT THEIR INTERSECTION 



SUSHIL GORAI 

Abstract. We consider the following question: Let Si and S2 be two smooth, 
totally-real surfaces in C 2 that contain the origin. If the union of their tangent 
planes is locally polynomially convex at the origin, then is Si U S2 locally poly- 
nomially convex at the origin? If To Si n T0S2 = {0}, then it is a folk result that 
the answer is yes. We discuss an obstruction to the presumed proof, and provide a 
different approach. When dimu(ToSi C]TqS2) = 1, we present a geometric condition 
under which no consistent answer to the above question exists. We then discuss 
conditions under which we can expect local polynomial convexity. 



1. Introduction and Statement of Results 

The aim of this paper is to provide an answer to the following question: 

(*) Let S\ and S2 be two smooth, totally-real surfaces in C 2 that contain the 
origin. If the union of their tangent planes is locally polynomially convex at 
the origin, then is S\ U S2 locally polynomially convex at the origin? 

Our interest is to provide a complete analysis of the situation. We were moti- 
vated by the following circumstances — which will explain our emphasis on the word 
"complete" — to discuss the question (*). 

1) Let 5*i and S2 be as above. When TqSi (IT0S2 = {0}, the problem is no doubt 
familiar to the experts. In this case, the answer to (*) is expected to be in the 
affirmative. The proof, it is asserted, follows from a slight modification of an 
argument given by Forstneric and Stout in [3] . While this will work for most 
pairs (iSi,^) in C 2 (in a sense that will be explained below) it is not clear 
if such an approach will work universally. The reader is urged to look at the 
discussion that immediately follows this list. 

2) It turns out that when To5i and T0S2 contain a line, then TqSiUTqS2 is always 
locally polynomially convex at the origin. There are some partial answers to 
(*) when dirriM.(ToSi n T0S2) = 1; see, for instance, [3]. However, many of 
the results that we are aware of require 5i and 52 to be real-analytic surfaces 
(and one of these results contains an error; see Remark 11.6)) . In contrast, we 
wish to answer (*) when 5i and 52 are merely C fc -smooth, k > 2. 

3) It turns out that, under a certain natural geometric condition, there is no 
consistent answer to (*) when dimM.(ToSi n T0S2) = 1. We would like to 
demonstrate rigorously what this means, and also to give some conditions 
under which 5i U 52 is locally polynomially convex at the origin. 
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Let us first consider (*) in the case when TqS\ n TqS 2 = {0}. It has been asserted 
that the proof of the fact that the answer to (*) is, "Yes," is implicit in Such a 
proof would go as follows: 

• Step 1. Show that there is an invertible C-linear transformation that trans- 
forms Tq Si U Tq S2 to Mi U M 2 , where M\ and M 2 are totally-real planes of 



• Step 2. Use the fact that TqS\ U TqS 2 is locally polynomially convex at and 
apply Kallin's Lemma in a similar manner as in [3] to infer that S\ U S 2 is 
locally polynomially convex at 0. 

The reason we require M\ and M 2 to have the form (**) is because there seems to 
be no simple way to deduce the desired result via Kallin's Lemma unless r and g in 
(**) are real. While the transformation described in Step 1 is possible for most pairs 
of transverse totally real planes (whose union is locally polynomially convex at the 
origin) representing (TqSx,TqS2), we must also contend with the following: 

Observation 1.1. There is at least one one-parameter family of linear transforma- 
tions {S p : p e R \ {0}} of C 2 such that 

(S p + iI)(R 2 ) is totally real \/p <E R \ {0}, 
(S p + H)(R 2 ) nl 2 = {0}VpGl\ {0}, 
(S p + zI)(IR 2 ) U R 2 is locally polynomially convex at Vp € R \ {0}, 

but for each p £ M\{0} ; there exists no invertible C-linear transformation 0/C 2 that 
can map R 2 U (S p + iI)(IR 2 ) to a union Mi U M 2 with (Mi,M 2 ) having the form (**). 

The details of the above are presented in sub-section 12.11 We do not doubt that 
the above two-step approach could be made to work even when r and g in (**) take 
non-real values, but this would require at least a more sophisticated Kallin polyno- 
mial (hence much harder calculations) and may, perhaps, even require some further 
inputs besides those in |4j. Consequently, we try another approach by modifying 
some ideas of Weinstock — which enables us to deal with TqS\ UT0S2 without having 
to transform the planes to graphs — to get Theorem 11.21 below. The latter method 
has the advantage that it is more readily adapted to the problem of studying local 
polynomial convexity at € C 2 of the union of more than two totally-real planes 
in C 2 intersecting at 0. The latter problem is of some interest because it provides 
the means to investigate local polynomial convexity of a smooth real surface S C C 2 
at a point p € S at which T p S is a complex line. This general principle was, in 
fact, introduced in [4J. In general — as the papers pQ and [2] reveal — detecting 
local polynomial convexity at a degenerate "non-parabolic" complex-tangency would 
require the study of the union of more than two totally-real surfaces, intersecting 
transversely at € C 2 . These issues will be tackled in a different article. With this 
background, we can announce: 

Theorem 1.2. The union of two C 2 -smooth totally-real surfaces in C 2 intersecting 
transversally only at the origin is locally polynomially convex if the union of their 
tangent spaces at the origin is locally polynomially convex at the origin. 



the form 




Mi : w = z 

M 2 : w = rz + gz, r / 0, (r, g) G R 2 \ {(1, 0)} 
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Weinstock [7J gave a criterion for the union of two transverse, maximally totally- 
real subspaces in C n to be locally polynomially convex at the origin. Our proof of 
Theorem 11.21 relies upon a normal form, developed in [7J, for a pair of totally-real 
planes intersecting transversely at € C 2 , and on Kallin's Lemma (see Lemma 13.11 
below). We note that the condition stated in (*) cannot be necessary and sufficient; 
see [7J Example 5]. 

The following lemma is essential in setting the context for the next three theorems. 

Lemma 1.3. Let Mj, j = 1, 2, be two distinct totally-real planes in C 2 containing the 
origin, such that dim^(Mi D M 2 ) = 1. Then M\ U M 2 is locally polynomially convex 
at the origin. 

We shall not give a separate proof for the above; the proof will follow along similar 
lines as the proof of Theorem 11.51 below. This lemma establishes that question (*) 
remains valid when dim^(Mi n M 2 ) = 1. Our next theorem shows that the answer 
to (*) is not always affirmative when dim^iT^Sx H T0S2) = 1. Comparing this with 
Theorem 11.81 will reveal that that there is no consistent answer to (*) when 
(I) dim,M.(T Si n T S 2 ) = 1; and 

(II) spanc{T Si n T S 2 } C spanu{T Si U T S 2 }. 
Refer to the remarks following Theorem 11.81 for a clarification of the last assertion. 

Before stating Theorem 11.41 we need to define one term. Given a set 5 C C 2 , we 
say that S e is an e -perturbation of S if S £ is the image of S under a C 1 -diffeomorphism 
© e defined in a neighbourhood U of S such that \\idu — ©ellc 1 ^ e - 

Theorem 1.4. Let Mj, j = 1,2, be two distinct totally-real planes in C 2 containing 
the origin, such that dim^(M\ n M 2 ) = 1 and spanc{ALi n M 2 } lies in the real 
hyperspace that contains Mi U M 2 . Then for each e > 0, there exists a 5 > and 
totally-real submanifolds Sj, j = 1,2, of 5(0; 25) such that: 

• S|nS(0;5) are e- perturbations of Mj n B(0; 5), j = 1,2, 

• T Sf U T Sf = Mi U M 2 , 

and such that Sf U Sf * s no ^ polynomially convex. 

Here, -B(a; r) denotes the Euclidean ball in C 2 with centre at a and radius r > 0. 

Theorem 11.41 raises the following question: what can we say if Si and S 2 are as in 
(*), dim^(T Si n T S 2 ) = 1, and spanc{T Si n T S 2 } ^ spanM{T 5'i U T S 2 } ? In 
response to this question we have the following result: 

Theorem 1.5. Let Si and S 2 be two C 2 -smooth surfaces in C 2 that contain the origin. 
Assume that 

• dirriM.(ToSi n TqS 2 ) = 1; and 

• spanc{ToSi n T S 2 } ^ span K {T S'i U T Q S 2 }. 

If (Si U S2) C spari]g{To5i U T0S2}, t/ien Si U 52 is locally polynomially convex at 
the origin. 

Remark 1.6. Unbeknownst to me, Dieu had announced the following result in [3]: 

Result 1.7 (Prop. 2.2, [3]). Let if be a real-valued function defined in a 
neighbourhood of € C and of class C 1 . Define 

51 := {(z, w) £ C 2 : w = z}, 

5 2 := {{z, w) £ Dom(</?) x C : w = (1 + X)z + Xz + ip{z)} (A / 0, -1). 
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Then S\ U S 2 is not locally polynomially convex at if and only if 

i) A is real; and 

ii) For every t sufficiently close to 6 R, the set {z G Dom(^>) : J?e(z) = 
t/2, 2X$te(z) + ip(z) = 0} contains at most one component. 

It was brought to my notice that Theorem 11.51 follows immediately from the above 
result; or — at any rate — in the generic arrangement of tangents when TqSi = 
{(z,w) G C 2 : w = z} and T0S2 = {(z,w) G C 2 : w = (1 + X)z + Xz} and when Si 
and S 2 are C^-surfaces (in which case Si can always be taken as {(z,w) : w = ~z} 
locally). In this setting, the argument would go as follows: 

• The condition in Result [TTH that ip be real- valued is equivalent to our condition 
(Si U S2) C span^{T()Si UT0S2} (in Theorem II .5 j) : and 

• The negation of the condition (i) in Result 11.71 is equivalent to our condition 
spanc{T Si n T S 2 } span K {ToSi U T S 2 }. 

However, it turns out that the condition [(i) AND (ii)] is neither necessary nor suffi- 
cient for Si U S2 to fail to be polynomially convex. A demonstration of this is presented 
in sub-section 12.21 below. This observation also demands that we prove Theorem 11.51 
from scratch. 

We now consider totally-real graphs Sj, j = 1,2. When dim^ToSi (IT0S2) = 1, 
then one expects polynomial convexity to be influenced by the higher-order terms in 
the graphing functions. This is the intuition behind the next theorem. Given such 
graphs, it can be shown that there is a global holomorphic change of coordinates 
with respect to which Si and S2 have the representations given in Theorem 11.81 To 
reiterate: the representations of the graphs Si and S2 in the first half of Theorem 1 1.8 1 
are not simplifying assumptions. 

Theorem 1.8. Let Sj, j = 1,2, be two C°° -smooth totally-real surfaces in C 2 con- 
taining the origin such that TqSi 7^ T0S2 and TqSi n T0S2 contains a real line. In a 
neighbourhood U of the origin, we present: 



SiHU = {(z,z + Az 2 + Az 2 + Cizz + 0(\z\ 3 )) : z G D(0; 5)}, 

S 2 nU = {(z,z + Xz + Xz + fa(z)) : z G £(0; 5)}, 

where 5 > 0, <p 2 G C°°(D(0;5)) and 4> 2 (z) = A 2 z 2 + B 2 z 2 + C 2 zz + 0(\z\ 3 ). 
Suppose: 

(i) (Non-degeneracy condition) Qtn(Ci) / 0, 9m ( ^ 2 +C2) / and have 

opposite signs; 



Then Si U S2 is locally polynomially convex at the origin. 

Remark 1.9. The conditions (i) and (ii) might look somewhat artificial at first 
glance, but we formulated them with the following phenomenon in mind. When 
A2 = B2 and 9ftn(Cj) = 0, j = 1,2, then the resulting graphs 5° and S 2 are in 
fact examples of the surfaces discussed in Theorem 11.41 Still keeping A2 = B2, we 
see that if we alter the coefficients Cj slightly so that 9m(Cj) = e, j = 1,2, then 
the resulting Si U 52 is an e-perturbation of S® U S®, and the local hull of S® U S® 
collapses under the perturbation. Summarizing in a coordinate-free manner: when 
dimM.(ToSi D TqSz) = 1 and 




span c {T Si n T S 2 } C span R {T Si U T S 2 } 
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it is possible for S\ U S2 to not be locally polynomially convex at and yet, given any 
e > 0, admit e-perturbations SJ with TqSj = ToSj, j = 1,2, such that 5fU5| is locally 
polynomially convex at the origin. I.e., when the pair (S\,S2) has the properties (I) 
and (II) listed just after Lemma 11.31 then the question (*) has no coherent answer. 

A few words about the layout of this paper. We would first like to conclude the 
technical discussion on the relationship between a couple of theorems and the folk 
results to which they seem associated. This will be the subject of the next section. 
Section [3] will elaborate on some technical preliminaries needed in the proofs of our 
results. The proofs of our four theorems will be found in Sections 2H3 



2. Relations with known results 

2.1. Concerning Observation [TTTl Consider the two planes: Pi := M 2 and P 2 := 

span^{(s,t), (<r, t)} — s,t, a, r £ C — with Pi n P2 = {0}. First, note that if there 
exists a C— linear, invertible map T : C 2 — > C 2 such that 

T(Pi) = {{z,w) 6 C 2 : w = z}, 

T(P 2 ) = {(*, w)eC 2 :w = rz + gz}, r / 0, (r, g)eR 2 \ {(1, 0)}, (2.1) 

then T must have the matrix representation Mt (with respect to the standard basis) 
given by 

where A{= 01+10*2), B{= Pi+ify) € C and, for invertibility AB M. If, however, we 
interchange the desired images of Pi and P2 under T, then T must have the following 
matrix representation: 

M T = ( -r A , o B „Y (2-2) 
1 \rA + qA rB + gB) y 1 

Motivated by Weinstock's work [7], we shall focus on P 2 (:= spanji{(s,t), (a, t)}) 
determined by 

s er\ _ fp + i 

t rj q + i 

(which gives one of the three normal forms for a pair of totally-real planes in C 2 
intersecting transversely at G C 2 ). 

T having the mapping properties given in f)2. 1 j) exists (and we will implicitly view 
the necessary conditions as a linear system with r and g as unknowns): 

\A(p-i)r + A(p + i)g =~A(p + i) 
[B{q-i)r + B(q + i)g = B(q + i) 

has a solution in R 2 \ (({0} xR)U {(1, 0)}) 
for some (A, B) G C 2 such that AB £ R. 
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Considering real and imaginary parts separately, the existence of the desired T 



' (aip - a 2 )r + (a>ip - a 2 )g = a.\p + a 2 
-(a 2 p + a.\)r + (a 2 p + a\)g = a\-a 2 p 
(Pip-P 2 )r + (Pi P -P 2 )g = Pip + P 2 
-{P2P + Pi)r+{P 2 p + Pi)g = Pi -fop 
has a solution in R 2 \ (({0} xi)U {(1, 0)}) 
for some (A, B) G C 2 such that AB £ R. 

Let us restrict ourselves to p = q ^ 0. In this case, if (ot\p — a 2 ) 
consistency of the above system of equations forces on us: 



(2.3) 



0, then the 



(a\p — a 2 ) = and (a%p + a 2 ) = 0. 

That implies a\+ia 2 = 0, which contradicts the invertibility of T. Thus a\p— a 2 ^ 0. 
Similarly, all the coefficients of the left hand side of the above system of equations 
(j2.3|) are non-zero. Thus, T having the mapping properties given in f|2. 1 j) exists 



' a\p + a 2 


Piq + fo 


ot\p — a 2 

< 


Piq ~ h 


a.\ — a 2 p 


fix ~ foq 


k a\ + a 2 p 


h + foq 


a 2 




ol\p — a 2 

< 


Piq ~ 






„ a\ + a 2 p 


Pi + faq 




PlU 2 
foOLl 



(since p = q ^ 0). 



But the second condition implies that $Jm(j4I3) = 0, i.e. AB £ M, which is a contra- 
diction. Thus there is no T with the mapping properties given in (|2.ip . 

Under the assumption p = q, we still need to show that there is no invertible 
C-linear map that maps Pi U P 2 to the union of the two graphs given in ()2. 1[) . but 
with the images swapped. Ruling this out is a shorter argument. In this case, T will 
have the matrix representation given by (|2.2p . Hence, T having the desired properties 
exists (this time, we implicitly view the necessary conditions as a linear system with 
ax, a 2 , Pi, Pi as unknowns) 

'p(r + g — l)ai + (r — g + l)a 2 = 

(r + g + l)«i +p(g - r + l)a 2 = 

p(r + q - l)Pi + {r- g + l)p 2 = 

{{r + g+l)p 1 +p(g-r + l)p 2 =0 

has a solution in R A such that ct\P 2 — P\ct 2 ^ 

for some (r, g) G R 2 \ (({0} xl)U {(1, 0)}). 
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Hence, every (01,02) and (Pi, ^2) such that (ai, 012, Pi, P2) is a solution of the above 
system will be solutions in M 2 of the following system of equations 

p(r + g - 1)X + (r - g + 1)Y = 
(r + g + 1)X + p(g - r + l)Y = 0. 

For the matrix My i n d2I2D to be invertible, we need {(ai, 0:2), (Pi, P2)} to be lin- 
early independent in M 2 . The only way we can get {(01,02), (Pi,P2)} to be linearly 
independent is for each coefficient of the above system of equations to vanish. This 
gives r = 0, which is a contradiction. Hence a T with the matrix representation (12, 2\\ 
having the other desired properties cannot exist. 

It follows from the work of Weinstock [7] (refer to the last paragraph of Section [3] 
for a precise statement) that, by our choice of (s,t) and (a, r), Pi U P2 is locally 
polynomially convex. To conclude: it can easily be checked that the transformations 
S p determined (with respect to the standard basis) by the matrices 

give us the 1-parameter family {S p : p € R \ {0}} having all the properties stated in 
Observation 11.11 

2.2. A discussion on the correctness of Result 11.71 Another issue that — as we 
discussed in Section [T] — needs to be settled is the status of Result [L~7l We address 
this now. First, we shall show the following: There exist A € M \ {0, —1} and a real- 
valued function tp € C 1 ({0}) such that, Si U S2 in 11.71 is not polynomially convex at 
(0,0), and yet {z£C: Kez = t/2, 2AKez + (p(z) = 0} has more than one connected 
components for all t > 0. The proof goes as follows: 

Let (p(z) = (9mz) 2 = y 2 (writing z = x+iy), and consider the polynomial p(z, w) = 
z+w. The polynomial p is real valued when it is restricted to Si U^. Let Vt = p~ l {t}. 
Now let us compute VtHSj, j = 1,2. We have 

V t nSi = {(z,z) : Rcz = t/2}, 

V t n S 2 = {(z, z + Xz + Xz) : 2Kez + 2X^ez + (9mz) 2 = t}. 

Let tti denote the projection onto the first coordinate. Then, the above are curves in 
C 2 that project down to: 

ni(V t nSi) = {(x,y) 6E 2 : x = t/2}, 
TTi(V t nS 2 ) = {(x,y) £R 2 : 2x + 2Ax + y 2 = t}. 

= {(x,y)R 2 : x - , * = V - 1 . 

\ V ' y; 2(1 + A) 2(1 + A) J 

Let us now choose A : —1 < A < 0, and fix it. For t > 0, we see that: 

(1) TTi(V t n Si) n 7Ti(V t n S 2 ) consists of the two points (t/2, ±y/t\X\); and 

(2) C \ Tri(Vt fl Si) U Tri(Vt n S2) contains a bounded component, say D t , and 
D t -> {0} as < t \ 0. 

Let us now write TTi(V t n Si) n iri(V t D S 2 ) = {Cl (*), C2W}, * > 0. Note: 

vrrHOW} nSi = {(Ci(i),*- OW)} = ^ x {Cj(t)} n s 2 , j = 1,2, t > 0. 
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From this and (2), we conclude that Vt fl (M1UM2) determines a closed curve Ct such 
that 

7Vi(C t ) = dV t , Vt : 0<i\0. 

Hence, we get a family of analytic discs ipt '■ — > C 2 by z 1 — > (z,t — z), attached 
to Si U £2 and tpt — > as t \ 0. Hence, by maximum modulus theorem, Si U S2 is 
not locally polynomially convex at the origin. Yet, owing to (1), 

jz G C : Kez = ^, 2AKez + (3m(z)) 2 = j 

has two connected components for all t > 0. 

This shows that condition [(i) AND (m)] in Result [L~7l is not always necessary for 
Si U 52 to not be locally polynomially convex at (0,0) G C 2 . 

Now we shall show that there exists A G R \ {0, — 1} and a real- valued function 
(p G C 1 ({0}) such that the condition (ii) is satisfied and yet Si U S2 in Result [L71 is 
locally polynomially convex at (0,0) G C 2 . Let us consider the following surfaces in 
C 2 : 

51 := {(z, w) G C 2 : w = z}, 

5 2 := {(z, w) G ,0(0; 6) x C : w = (1 + X)z + Xz + tp(z)}, 
where A G R \ {0, -1}, 5 > and 

V?=<£(»e(.))| D(0;5) , 

where <3? G M[x], i.e. a polynomial in x := Kez with real coefficients, such that 
3>(0) = = <I>'(0). Let us consider the polynomial P(z,w) = z + w. Now let us 
compute the set P _1 {t} Pi Sj for j = 1, 2. 

P _1 {*}nSi = {(s,z) G C 2 : z + z = t} 

= {(t/2,+iy,t/2 -iy) G C 2 : y G M} (writing 2 = x + iy), (2.4) 

P -1 {*} n 5 2 = {(2, u>) G D(0; 5) x C : w = (1 + X)z + Xz + <p(z), z + w = t} 

= {(x + iy,x-iy + 2Xx + tp(x)) G D(0; 5) x C : 2(1 + A)x + $(x) = t}. 

(2.5) 

Let <&(#) = 2(1 + A)x + $>(x) — t and let Z^_(q t ) denote the set of real zeros of the 
polynomial qt- We have: 

S.Z G D(0; 5) : Kez = ^, 2AKez + = o| 
(0, if i/2 Zffife), 

\{(t/2 + i!/) : y £R}nD(0;i), if t/2 G Z R (g t )- 

This shows that if we fix 5 > to be sufficiently small then, because Z^(q t ) fl (—5, 5) 
is at most a singleton, the set [z G C : Kez = |, 2A5Rez + (^(z) = 0} has at most one 
component, for all t G K sufficiently small. Hence the condition (ii) of Result 11.71 
holds. 
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Prom (|2.4p and (|2.5p . we have the following: 

P _1 {*l n {(Sx u s 2 ) n D(0;£) x c) 

= {(t/2, +iy, t/2 - iy) G D(0;e) x C : y G R} 

U (u xgZM(<?t )n[ £ , e ]{(x + iy, -x - iy + t) : x 2 + y 2 < e}) . 

These are lines segments in D(0; e) x C whose projections on C z are line segments 
parallel to y-axis. Hence, n ((Si U S 2 ) H -D(0; e) x C) is union of finitely many 

non-intersecting line segments when e G (0,5). Hence 

(P -1 {*} n ((Si u S 2 ) n D(0;e) x C)) = P~ l {t} n ((Si U S 2 ) D D(0;e) x C), 

for e G (0, 5) and for all t G M sufficiently small. Hence, the pair (Si, S 2 ) satisfies the 
conditions (i) and (ii) in Result 11.71 and yet Si U S 2 is locally polynomially convex at 
the origin in C 2 . This last assertion follows from a very useful result — see Result 
13.21 below — for computing polynomial hulls. 

This shows that condition [(i) AND (ii)] in Result [L71 is not sufficient for S% U S 2 
to not be locally polynomially convex at (0,0) G C 2 . 

3. Technical preliminaries 

We shall require a couple of preliminaries to set the stage for proving the above 
theorems. The principal tool that we shall use is the following lemma by Kallin [5]. 

Lemma 3.1 (Kallin). Let K and L be two compact polynomially convex subsets in C n . 
Suppose there exists a holomorphic polynomial P satisfying the following conditions: 

(i) P(K) n P(L) C {0} and £ C \ int(P(K) U P(L)); and 
(ii) P _1 {0} H (K U L) is polynomially convex. 
Then K U L is polynomially convex. 

The other tool we shall use in the course of the proof of some of the above theorems 
is the following theorem from Stout's book [6l Theorem 1.2.16]. 

Result 3.2. If X C C n is compact and if l P(X) contains a real valued function, 
say f, then X is polynomially convex if and only if each fiber Pi X, t € M., is 

polynomially convex. If X is polynomially convex, then ( ?(X) = C(X) if and only if 
for each t,7(f- 1 {t}r\X) =C(f- l {t}r\X) . 

Here, ( ?(X) denotes the uniform algebra generated by all holomorphic polynomials 
restricted to X. 

Let Si and S2 be two totally-real surfaces in C 2 passing through the origin. Their 
tangent spaces at the origin are also totally real. I£ TqSi(~)TqS 2 = {0}, then there exist 
global holomorphic coordinates (z, w) with respect to which TqSi = M 2 and TqS 2 = 
M(A) for some real matrix A, where A + ii is invertible and M(A) := (A + H)M?. 
Here M 2 := {(z,w) : Qm(z) = = 9m(w)}. The reader is referred to Weinstock's 
paper [7] for details. 

Near the origin, Si and S 2 will be small perturbations of M 2 and M(A) respectively. 
Define Sj(S) := Sj n B(0; 5), j = 1, 2. For sufficiently small 5 > 0, we have 

Si(S) = {(x + h(x, y), y + f 2 (x, y)) : x, y G R} n B(fy$j 

S 2 (6) = {(A + iI)(x,y) + (gi(x,y),g 2 (x,y)) : x,y G KjnlfO^), 
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where fj,gj = o(\\(x,y)\\) as (x,y) — > are C-valued functions, j = 1,2. 

Since TqSi U To 52 is locally polynomially convex at origin, it satisfies Weinstock's 
criterion [7], i.e. A has no purely imaginary eigenvalue of modulus greater than 1. It is 
easy to show that the image of M(A)UM. 2 under a C-linear transformation represented 
by a real nonsingular matrix 5 is M(5A5~ 1 ) Ul 2 , whence this transformation maps 
Sx(S) U S 2 (5) to Sl(5) U S^(S), where 

Si(S) = {(x + h{x, y),y + f 2 (x, y)) :x,y€R}n S(B(fy6j) 

S2(5) = {(SAS- 1 + U)(x,y) + {Ji{x,y),g^{x,y)) : x,y € I}n5(Bp))> 

where fj,g~j have the same properties as fj,gj given above, j = 1,2. 



4. The proof of Theorem 11.21 

Let 5i and 52 be two totally-real surfaces intersecting only at the origin and TqSi n 
T 5 2 = {0}. Let 



Si(5) = {(x + f 1 (x,y),y + f 2 (x,y)):x,yeR}nB(0;6) 



S 2 (5) = {(A + il)(x, y) + ( 5 i (x, y),g 2 (x, y)) :x,t/6l}n B(0; 5), 

where fj,gj are as described in Section [3l Now, it is a fact of basic linear algebra 
that every real 2x2 matrix is similar via a real nonsingular matrix, to one of the 
following three kinds of matrices: a diagonal matrix with real entries, a matrix of the 

form ^ or of the form ^ J\ where X,s,t G R. Given this fact, and the 

argument in the last paragraph of of Section [3l the proof of Theorem 11.21 reduces to 
the following two lemmas. This is because it is sufficient to take the matrix A to be 
one of the above form. 

Lemma 4.1. If A = ^ M, where A € M. or A is a diagonal matrix with real 
entries, then S± U 52 is locally polynomially convex at origin. 

Proof. We shall show that, shrinking 5 if necessary, 5i(<5) U S 2 [5) is polynomially 
convex. Consider the polynomial 

P(z) = ((A-iI)z,z) 

where (z, w) := z\W\ + z 2 w 2 . We will first consider the case when A is a Jordan 
block. 

P(x + fi(x, y), y + f 2 (x, y)) = (((A - i)x + y, (A - i)y), (x, y)) + y) 

= ((A - i)x + y)x + (A - i)y 2 + H(x, y) 
= (A - i)x 2 + xy + (A - i)y 2 + H(x, y) 
= {Xx 2 + xy + Xy 2 ) - i{x 2 + y 2 ) + H(x, y), 

where H(x,y) = o(| y)| | 2 ) as (x,y) ->■ 0. 

Since lim^j,).^ J3"(a;, y)/||(x,2/)|| 2 = 0, taking 5 > sufficiently small, 

3m(P(z)) < Vz e 5i(<5)\{0} 

and equal to zero only when z = 0. 
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Now, for z € S 2 (5) 
P(z) = P((A + i)x + y + gi(x, y), (A + i)y + g 2 (x, y)) 

= (((A 2 + l)x + 2Ay, (A 2 + l)y), ((A + i)x + y,(\ + i)y)) + o(| \(x, y)\\ 2 ) 
= [(A + i)x + y][(X 2 + l)x + 2Xy] + (A 2 + 1)(A + i)y 2 + o(\\(x, y)\\ 2 ) 
= [(A 2 + l)Ax 2 + (2A 2 + (A 2 + l))xy + (2A + X 3 )y 2 } 
+ i[(X 2 + l)x 2 + 2Xxy + (A 2 + l)y 2 } + o(\ \(x, y)\ \ 2 ). 

Here 

3m(P(z)) = (A 2 + l)x 2 + 2Xxy + (A 2 + l)y 2 + o(||(x,y)|| 2 ) 
= X 2 x 2 + y 2 + (x + Xy) 2 + o(\\(x,y)\\ 2 ). 
So, shrinking 5 > if necessary, 

9m(P(z)) > Vz £ ,S2(<5) \ {0} 
and equal to zero only when z = 0. 

We can now show that P _1 {0} R (S\(5) U 5*2(5)) is polynomially convex. Observe 
that P -1 {0}R (Si(S) US 2 (5)) = {(0,0)}, hence polynomially convex. By LemmaEIE] 
S\(5) U 82(d) is polynomially convex. The same proof goes through with P defined 
exactly as above (and with considerably simpler calculations) when A is a diagonal 
matrix with real entries. □ 

fa -t\ 

We now have to consider the case when A = I I . Recall that, by hypothesis, 



t s / 

M(A) U M 2 is locally polynomially convex at € C 2 . By Weinstock's criterion [7], 
t £ R will satisfy \t\ < 1 whenever s = 0. It is this requirement that shapes our next 
lemma. 

Lemma 4.2. If A = ^ and \t\ < 1 whenever s = 0, t/ien 5i U S2 is locally 

polynomially convex at origin. 
Proof. As before 

S 1 (5) = {(x + f l (x,y),y + f 2 (x,y)):\\(x,y)\\<5} 

s 2{$) = {((s + i)x - ty + g 1 (x,y),tx + (s + i)y + g 2 (x,y)) : \\(x,y)\\ < 5}. 
Consider the polynomial 

F(zi,z 2 ) = z\ + z\. 

So, 

Fix + ft(x,y),y + f 2 (x,y) = x 2 + y 2 + H^x, y), 
where H\(x,y) = o(||(x,y)|| 2 ) as (x,y) — > 0. 

F((s + i)x -ty + gi(x, y),tx + (s + i)y + g 2 (x, y)) 

= (s 2 + t 2 - l)x 2 + {s 2 + t 2 - l)y 2 + 2si{x 2 + y 2 ) + H 2 (x, y), 

where H 2 (x,y) = o(||(x,y)|| 2 ) as (x,y) — > 0. 
Hence, for 5 > sufficiently small, 

»e(F(z)) > Vz e 5i(<J) 
and equal to zero only when z = 0. 
Case J. When (s 2 + t 2 ) < 1. 
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Clearly, after shrinking 5 > if necessary, Rt(F(z)) < V z G Si{$) and equal to 
zero only when z = 0. 

Case II. When s 2 + t 2 >l. 

First note that, by hypothesis, s ^ in this case. We fix an e > sufficiently small, 
whose precise value will be specified later. Then, since lim^ i2/ )->.q H2(x, y)/\\ (x, y)\\ 2 = 
0, 35 £ > such that 

F(5 2 (<5 £ )) C {u + iv G C : |(s 2 + t 2 - 1)« - 2su| < e|«|}. 

Call the set in the right hand side as C 2i£ . in fact shrinking 5 £ further if necessary we 
shall also get 

F(Sx{8 £ ) C £i, e := {u + roGC: |v| < en}. 
Now choose sufficiently small £q > such that 

£i, eo n £ 2, £0 = {o}, 

and write 5 = 5 £o . 

Hence, in both the cases F(S\(5)) and F(S2(S)) lie in two different angular sectors 
intersecting only at the origin. We also have 

F- 1 {o}n(5 1 (5)u5 2 (,5)) = {(o,o)} 

is polynomially convex. So, all the hypotheses of Lemma 13.11 are satisfied. Hence 
Si(5) U S2(S) is polynomially convex. □ 

In view of our remarks above, Lemmas 14.11 and 14.21 give us the result. □ 

5. The proof of Theorem 11.41 
Let P be a C-linear function such that 

Mi U M 2 C B. := {(z, w) G C 2 : 3mP(z, w) = 0}. 
By interchanging the roles of z and w if necessary, we may assume that d w P 0. 
Now consider the biholomorphic map 

* : rW( D r J from C 2 to C 2 . 



toy 
We have 

$(Mi U M 2 ) C C z X R„ (taking w = u + iv) . 

Since spanc{M\ n M 2 } C H and EI contains a unique complex line namely {(z,w) € 
C 2 : P(js, w) = 0}, $(span c {Mi n M 2 }) = C 2 x {0} and hence M 1 n M 2 C C 2 x {0}. 
Now we can find a € [0, 27r) such that if * := (e i9 $i, $ 2 ), then 

*(Mi n M 2 ) = {(x, 0) G C 2 : i£ M}, and 

*(Mi U M 2 ) C C z x R u . 

Let us find the equations of ^f(Mj), j = 1, 2. The analysis reduces to exactly two 
cases. 

Case I. When neither ^f(Mi) nor \I'(M 2 ) is perpendicular to C z x {0}. 

In this case \l/(Mi) and X I / (M 2 ) both can be written in the graph form. Writing 

z = x + iy, we get: 

Equation of #(M,-) = < 3 jy J 

w = 0, j = 1,2. 
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Both the planes *(Mj), j = 1,2, pass through {(a;, 0) G C 2 : x G R}. Hence, 
Aj = 0, j = 1, 2, and hence, there exist C\,C% £l \ {0}, Ci 7^ C2 such that 

*(Mi) = {(x + iy, Ciy) G C 2 : x + iyeC}, 

(M 2 ) = {(s + C 2 y) G C 2 : x + iy G C}. 

Now, for e > 0, write 

F/ := ex 2 + <f)j(z), 
where are real valued functions with (f>j(z) = o(\z\ 2 ), and set 

s] := {{x + iy, C jV + F?(x, y)) : x, y G M}, j = 1, 2. 

Consider the two parabolas in C z : 0.j(e, 5) := {x + iy G C : (y—S/Cj) = — {e/Cj)x 2 }, 
j = 1, 2, and the following small perturbations of the above parabolas 

QjfaS) :={x + iy£C: C jV + F?(x,y) = 5}, j = 1,2, 
where 6 > is sufficiently small. 

It is an absolutely elementary fact that C 2 \ (Qi(e,5) U 2 (£,£)) has a bounded 
component S(e, 6) and hence, for each e > 0, there exists Ao(e) > such that 
C 2 \ (0i (e, 5) Ufl2(e, 5)) has a bounded component S(e, 5) for all 5 G (0, Ao(e)). 

Hence, := 3)(e, 5) x {5} are closed analytic discs with boundaries in S[ U 5| for 
each 5 G (0, A (e)) and 21,5 -> {0} as 5 \ 0. 

Clearly 5f US'! is not polynomially convex at the origin. Hence, Sj := \l/ (<SJ), j = 
1,2, are the required perturbations. 

Case II. When one of^(Mj), j = 1,2, is perpendicular to C z x {0}. 

Let us assume that \&(Mi) is perpendicular to C z x {0}. So, \P(M 2 ) can be written 
in graph form. 

We have, 

*(Mi) = {(a;, tt) G C 2 : 
*(M 2 ) = {(x + iy, Cy) G C 2 : x, y G M} 
where C G M \ {0}. Choosing i 7 ! exactly same as in Case I we write: 
Sf := M x 

S| := {(x + iy, Cy + Ff (x, y)) G C 2 : x, y G K}. 

An analysis entirely similar to Case / will yield a Aq(s) > and closed analytic discs 
21,5 with boundaries in Sf U 5| such that 21,5 — > {0} as 5 \ 0. 

As before, 5| := j = 1,2, are the required perturbations. □ 

6. The proof of Theorem 11.51 

Since dim^(ToSi n To £2) = 1, span^ToSi U Tq.%) is a real three dimensional 
subspace of C 2 and there exists a C-linear map P : C 2 — > C such that 

spanji(T(jSi LST0S2) = {(z,w) G C 2 : 3m(P((z,w)) = 0} =: H. 
The condition S± U S2 C spem^ToSi U T0S2) implies S\ U £2 C H. Therefore we have: 
(Si(6) U S 2 (*)f C cua;(5i(<y) U S 2 (5)) C H, 
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where Sj(5) = Sj n B(0;S), j = 1,2 (here, £?(0;<5) denotes a ball in C 2 centred at 
origin and having radius 5) and cvx(S) denotes the convex hull of S. We consider the 

biholomorphism <I> : (^j ^ (p(z u;)) ^ aS ^ e ^ ore ' we ma y assume ) interchanging 

the roles of z and w if necessary, that c^P ^ from C 2 to C 2 which has the following 
effect: 

<J>(5i n S 2 ) cC 2 x R M , (where z = x + iy, w = u + iv) 

[^(5) n s 2 (5)f cc 2 xi„. 



Our examination involves exactly two cases. Let n z denote the projection onto the 
first coordinate. 

Case I. When tt 2 [$(T Si D T 5 2 )] is a line in C z x {0}. 

We make one final adjustment. Let 9 be the angle between the line {(x,0) : x G R} 
and 71-3 [$ (T Si nT S 2 )] in C z x {0}, and let * := (e~ i9 $i,$ 2 ). Note that, from the 
assumption span c {T Si n T S 2 } ^ spariR{T Si U T S 2 }, we get ^(T Si n T S 2 ) is 
not the x-axis. Hence 3a G R \ {0} such that 

^(T Si n T S 2 ) : y = 0, u = 0, u = ax. 

Furthermore, we have: 

J u = ax + Bjy, 

\v = 0, Bj € R, j = 1, 2, and 5i / 5 2 . 



Equation of VD^ToSj) 
For sufficiently small S > 0, 



s#) : = ns(o,*) 



ax + B j y + if j {x 1 y), 
0, 



where <fj(x,y) = 0(\(x,y)\ 2 ), j = 1,2. We consider the polynomial f(z,w) = w. 
There is a small neighbourhood w(<5) of € C z such that 

f- l {t] n (S7(<5) U S2{5)) = %\ U DC 2 

where 

%\ := {(x + iy,t) : ax + B x y + ipi(x, y) = t, (x, y) G w(<5)}, 

0C| := {(x-Hy,t) : ax + .B 2 y + v? 2 (x, y) = t, (x, y) G w(<5)}. 

Note that if ipi = and 99 2 = 0, then the above union would have been a union of 
two line segments, which is polynomially convex. Without loss of generality, we may 
take B\ ^ 0. Then, ir z (X\) is the graph of the function tpi : oj(5) fl R x — > R with 
^(0) = -a/Bi. On the other hand: 

the graph of a function ip2 : u(S) D R^ — > R, if -B 2 = 0, 



if£? 2 ^0, 



the graph of a function ^2 : w(<5) n R^ — ► R with ^(0) = -a/B 2 , 



for w(<5) sufficiently small, and viewing C = l x x 1^. Here is a brief justification of 
the above descriptions of 7r z (DC*), j = 1, 2. Note that the equation ax + c/? 2 (x,0) = t 
will have a unique solution in lu(5) D R x , say x = xo(i), once we have chosen a <5 > 
sufficiently small and fixed it, for all t G R approaching to 0. By the Implicit Function 
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Theorem, ip 2 is a function satisfying ^(O) = xo(t) and -g^-(O) = — d y ip 2 (xo(t), 0)/(a + 
d x f2(xo{t), 0)). A similar, but easier, argument gives the descriptions of tpi and vp 2 . 

In either case, -k z {%\) n r K z {% t 2 ) does not separate C z x {0}, whence %\ U 0C| does 
not separate C z x {i}, provided we choose and fix 5 > sufficiently small. In view of 
Result [221 5i(<5) U S 2 (5) is polynomially convex. As ^ is a biholomorphism, we infer 
that 5*i U S2 is locally polynomially convex at (0,0) G C 2 . 

Case II. When $(T 5i n T S 2 ) = {(0, it) G C 2 : u G M}. 

Since $(T 5i n r 5 2 ) = {(0,u) G C 2 : it G E}, both the planes T 5i and T 5 2 
are perpendicular to C z x {0} in C 2 . We can find an angle such that if we define 
ty(z,w) := (e l6 &i,Q 2 ) then, neither 7r z o \&(To5i) nor 7r z o ^(To^) is the x-axis or the 
y-axis. Hence we have: 

Equation of #(T 5 7 ) = T = ^' X ' v r , 

3 \v =0, A,- GM\{0}, j = 1,2, and A + A 2 . 

For sufficiently small 5 > 0, 

J j (5):=^(S J )nB(0J) = ^ y v =^' x + < ^ x ' u )' 

where ifj(x,u) = 0(|(x,n)| 2 ), j = 1,2. As in the first case, we consider the polyno- 
mial f(z,w) = w. There is a small neighbourhood oj of G C z such that 

f- 1 ^} n {S[(S) U 52(5)) = %\ u %l 

where 

3Cj := {(x + iy,t) : y = A\x + <pi(x, t), (x,y) G oj(5)} 

%l := {(x + iy,t) : y = A 2 x + <p 2 (x, t), (x, y) G u{8)}. 

Note here also that if ipi = and ^2 = 0, then the above union would have been a 
union of two line segments, which is polynomially convex. In this case 7r z (X*-) is the 

graph of the function ifjj : w(<5) n M. x — > R with -Jjf-(O) = A,- for j = 1,2. Hence, 
%\ U DC 2 does not separate C z x {t}, provided we choose and fix 5 > sufficiently 
small. Hence, in view of Result [3T2T Si(5) U 52 (<5) is polynomially convex. As ^ is a 
biholomorphism, we infer that 5iU52 is locally polynomially convex at(0,0)G<C 2 . □ 

7. The Proof of Theorem 11.81 

We begin by observing that since TqSi 7^ To52, A 7^ 0. We shall use Kallin's lemma 
with the following polynomial 

P(z, w) = z + w + az 2 + aw 2 , 

where a G C will be chosen suitably. First, we examine the image of 5i PI U under P. 
Let us designate 

<j)l (z) := Az 2 + Az 2 + C 1 zz + 0(\z\ 3 ), z G D(0;S). 

Thus we have, 

P(z,z + cf)i(z)) = z + z + Az 2 + Az 2 + C\\z\ 2 + az 2 + az 2 + 0(|z[ 3 ), 
QmP(z,z + M z )) = ^md\z\ 2 + 0(|z| 3 ) VzG£>(0;5). (7.1) 
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Consequently, by using condition (i), we can find a S\ G (0,5) sufficiently small so 
that 

P~ 1 {0}n5 1 (5 1 ) = {0}, (7.2) 



where Si(<5i) = S 1 f] D(0; Sx) X C. 

Now let us look at the image of S^O^i) (= S 2 H D(0; 5i) x C) under the polynomial 

P. 

P(z,z + Az + \z + fa(z)) 

= z + z + Az + Az + <£ 2 (z) + az 2 + a(z + Az + Az) 2 + 0(|z| 3 ) 

= z + z + Az + Az + A 2 z 2 + P 2 ^ 2 + C 2 |^| 2 + az 2 + az 2 + 2az(\z + Az) 

+ a(Az + Az) 2 + 0{\z\ 3 ) 
= z + z + Xz + Az + ,4 2 z 2 + (£ 2 + 2aA)z 2 + (C 2 + 2<x\)|z| 2 + az 2 + az 2 

+ a{\z + \zf + 0{\zf) 

We choose a such that 

~A 2 = B 2 + 2a\. 

Note that 
and observe: 

3m(P(z, z + Az + Az + 2 (z))) = 9fm f @* ~ ^ + C 2 \ \z\ 2 

+ 5m ( (i2 2[ " A p 2)A ) @* + Az) 2 + 0(|z[ 3 ) Vz G £>(0; 5). (7.3) 
We examine the second term on the right hand side of (|7,3p : 

(7.4) 

and 

( ^ 2 ~p 2)I ) < =► ^( g^g ) (Az + Az) 2 > 2Sm((^ - P 2 )A)|z| 2 . 

(7.5) 

We shall divide the remaining part of the proof into two cases. 

Case I. We consider the case when 9m(Ci) < 0. 
So, sgn(9m(Ci)) = —1 and hence by condition (i) 

If 9fm((^-B 2 )A) > then by ([731) there is a <5 2 G (0,5i) such that when z € D(0;J 2 ), 

9m(P(z,z + Az + Az + 2 (z))) > (7.6) 
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and equalling if and only if z = 0. On the other hand, if Qm((A2 — £?2)A) < 0, then 
by ([73]) 

3m(P(z, z + Xz + Xz + 02(2))) 

r2 \ 



> 9m 



(A 2 - P 2 )A 



|A| 2 

'{A 2 -B 2 )X 2 



+ C 2 J \z\ z + 29m((A 2 - P 2 )A)N 2 + 0(\zf) 



+ C 2 + 29m((A 2 - £ 2 ) A) |*r + 0(h 



Hence by condition (ii), and arguing exactly as above, we get that there is a 5 2 € (0, 6\) 
such that when z G D(0; #2), 

%m(P(z,z + Xz + Xz + (j) 2 (z)))>0 (7.7) 

and equalling if and only if z = 0. 

Hence from (|7.1|) . (|7.6|) and (|7.7|) . we have the following: 
There exists 5 2 > suc/i i/iai 

• F-^Ojn^^a) = {0}; and 

• P(/Si(<5 2 )) and P (82(62)) He in the lower and upper half planes respectively 
and intersect only at the origin. 

Case II. We consider the case when 9m(Ci) > 0. 
Then by condition (i), 



(A 2 -B 2 )X 2 
IAP 



+ C 2 < 0. 



We argue similarly as in case Case I. If ^sm.((A 2 — B 2 )X) < then there is a 6 2 € (0, o"i) 
such that when z £ D(0; 6 2 ), 

%m(P(z,z + Xz + Xz + (j) 2 (z)))<0 (7.8) 

and equalling if and only if z = 0. On the other hand, if 3tn((j42 — B 2 )X) > 0, then: 

9m(F(z,z + Xz + Xz + M z ))) 



< 



\a 2 -b 2 )x 2 

|A| 2 

/ (A 2 -B 2 )X 2 
\ IAI 2 



+ C 2 



z\ 2 + 2%m((A 2 - B 2 )X)\z\ 2 + 0(\z\*) 



+ C 2 



+ 29m ((A 2 - B 2 )X) \z\ 2 + 0(\z\ 3 ). (7.9) 



Hence by condition (ii) and (17.9j) . there is a (52 € (0, 6) such that when 2 G -D(0; <5 2 ), 

9m(?(z,z + Az + Az + 2 (z))) < (7.10) 
and equalling if and only if z = 0. 

In this case also from (|7.ip . (|7.8|) and (|7.10p we have the following: 

There exists 6 2 > such that 

• P- I {0}n5 2 (<y 2 ) = {0}; and 

• P(5i(<5 2 )) and P(<S2(c>2)) /ie in the upper and lower half planes respectively 
and intersect only at the origin. 
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Therefore, with this choice of P, in all cases, the hypotheses of Kallin's lemma 
(Lemma l3.ip are met and hence £i(52)U £2(^2) is polynomiaily convex. Hence S1US2 
is locally polynomiaily convex at the origin. □ 
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